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Propagation of Gibbsianness for Infinite-dimensional
Gradient Brownian Diffusions
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We study the (strong-) Gibbsian character on RZ of the law at time ¢ of an
infinite-dimensional gradient Brownian diffusion, when the initial distribution is
Gibbsian.
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1. INTRODUCTION

Let I be a finite index set (for example a finite subset of some lattice) and
X=(Xi(t),iel, te[0,T]) be an R-valued diffusion which is the solution
of the following finite-dimensional stochastic differential equation (s.d.e.)

dX;(t)=dB;(t) — YV;h(X (1)), dt, iel, te[0,T], (1)

where & is a smooth function from R’ into R and (B;);¢; is a sequence of
independent, real-valued Brownian motions. This stochastic dynamics cor-
responds to a perturbation by gradient interactions in the form of drift
terms of a sequence of finitely many Brownian free dynamics at each
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lattice site. Moreover, the stationary measures for (1) are proportional to
the measure

p(dx) =exp(—h(x)) ®ies dx;.

When [ is replaced by Z¢ and the dynamics (1) is generalised in a
natural way (see (4)), a relevant question is the following: if the initial law
is Gibbsian, is the law of the process X () also Gibbsian at any time ¢ >0,
in other words

does the Gibbsianness property propagate?

In fact, even if the initial distribution is locally absolutely continuous, the
law of X (¢) for a time ¢t >0 can be much less regular in the sense that
the sum of the interactions between the (infinitely many) components can
explode. So, to obtain a positive answer to the above question, we restrict
our study to two particular regimes which can be better controlled. In Sec-
tion 3, we present the propagation of Gibbsianness if the time ¢ is short
enough, and in Section 4, we analyse for arbitrary times the case of small
interactions between the coordinates for a strongly unique initial Gibbsian
condition, in other words high-temperature evolution and high-tempera-
ture initial Gibbs measure.

These results were announced in ref. 4. We were inspired by the nice
work of van Enter, Fernandez, den Hollander and Redig, who consider in
ref. 8 the question of possible loss and recovery of Gibbsianness in the
context of Interacting Particle Systems with values in {—1,+1}Zd which
follow a high-temperature Glauber dynamics. They treat several cases and
can exhibit situations where the process at time ¢ is strong Gibbsian (in a
sense to be defined below), and other situations where it is not. See also
ref. 19 for related results for Kawasaki dynamics. Unfortunately, since our
state space RZ’ s unbounded, we cannot use all the criteria they have
at their disposition (in particular, the criterion of non-Gibbsianness con-
tained in ref. 11) to test the Gibbsianness/non-Gibbsianness of v’. So our
present results only concern situations for which the Gibbsianness is con-
served. We hope to extend them soon to some non-Gibbsian example.

To our knowledge our paper and the recent results presented in ref.
18 are the only ones related to the propagation of Gibbsianness under
a stochastic evolution like a diffusion with values in a continuous space
(the state space is the infinite-dimensional vector space RZd). In ref. 18 the
authors allow unbounded interactions but are then obliged to introduce a
somewhat weaker notion of Gibbsianness.
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2. GIBBS MEASURES AND INFINITE-DIMENSIONAL GRADIENT
DIFFUSIONS: THE FRAMEWORK OF OUR STUDY

Let us first introduce some definitions and notations.

An interaction potential—or interaction—¢ on RZ’ is a collection of
functions ¢, from RZ into RU{+0o0} where A varies in the set of finite
subsets of Z?. Each ¢, is supposed to be measurable with respect to Fy,
the o-glgebra generated by the canonical projection on R”; that is for any
x eRZ s

PA(X) =da(xp)

where x, is the projection on RA of x.
The interaction ¢ is said to be of finite range if it satisfies:

(FR) Jr >0, diameter A >r=— ¢ =0
The interaction ¢ is said to be regular bounded if it satisfies:
(RB) VA, ¢, is C?, bounded with bounded derivatives.

The interaction ¢ is said to be absolutely summable if it satisfies:

(AS)  VieZ" ) lgallo=D _Sup, pai [$a(x)] <+00

Remark that absolute summability for unbounded spins is a rather strong
condition, which is chosen here for technical convenience.
When an interaction ¢ is (AS) one can define the collection h? = (h‘f\) AczZd

: . . . d
of associated Hamiltonian functions on R%Z" by

W= > én. 2

AN NAED
More generally, we note for x, y eR%" and A ACZ?

h?\)A(x, y)= Z da(xayaa),
NN NAAD
A CAUA
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where xaya\a is the element in RZ equal to x on A, y on A\A and 0
outside of AUA. For example, hﬁzd (x, x) coincides with h‘ﬁ(x). Further-
more, hi g (X) =2 nrcnPar(xar) is a function of x,. To recall this prop-
erty, we will sometimes denote it by hi,@(x A).

In fact, as soon as the series on the right-hand side of (2) converges
pointwise, one can define a Hamiltonian function associated to a (possibly
non absolutely) summable interaction. To simplify we will always denote
by hf’ the junction hﬁ.} (i €Z%), by th(x) the function h‘ﬁ’A(x,x) (A, A€
74, x e RZ ).

d .
We call p a Gibbsian measure on RZ" associated to the reference measure
m and to an interaction ¢ for which the series (2) converges if it satisfies
the system of Dobrushin-Lanford-Ruelle (DLR) equations:

pldxi/x;, j #i)= lexp—(h;”(x))m(dx,-), iez.
Zj

The set of such measures will be denoted by G(¢,m). (For general
references on Gibbs measures, see refs. 13 and 24.)

The measure p will be called strong Gibbsian if the associated inter-
action is absolutely summable, i.e. satisfies (AS).

Let ¢ be a so-called dynamical interaction on de, having a C2-regu-
larity and satisfying (FR). The associated hamilton function h{, denoted
by h; to simplify, is also C2. We can now consider the following infinite-
dimensional system given by:

A3)

dX;(t)=dB;(t) — YVihi(X (1)) dt, ie€Z? 1€[0,T],
X(0)~v

where v is a probability measure on RZ’. We will become more precise
in Section 3 (resp. Section 4) about the exact assumptions on & and v
we take to assure that the infinite-dimensional stochastic system (3) has
a unique strong Markovian solution X with values in the infinite prod-
uct of continuous trajectories Q7 =C([0, T ],R)Zd. Deuschel described in
(refs. 5 and 6) the Gibbsian structure on the path space Qr of the law
0", when the initial distribution v itself is Gibbsian (associated to an ini-
tial interaction ¢). Later, this result was completed and generalised in ref.
2, by showing a bijection between the set of Gibbs measures associated to
the initial interaction ¢ on RZ’ and a set of Gibbs measures on the path
space Q7 describing the full dynamics. Having a Gibbs representation of
QV on the path level (even a strong Gibbsian one, see ref. 4, Corollary 2),
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we would like to know if at each time ¢, the law v’ of X (¢), a probabil-
ity measure on RZd, remains strong Gibbsian. Clearly, v’ is the projection
at time ¢ of QV, but projections are maps which do not conserve a priori
the Gibbsianness (see the famous examples of ref. 9, and also refs. 10 and
11 among others). In ref. 2 it was remarked that, projecting at time 0 a
general strong Gibbs measure on the path space, the image measure which
is obtained on the state space preserves a Gibbsian form in the following
weak sense: it is associated to a modification (cf. ref. 13, Section 1.3, for
the exact definition), roughly speaking to a family of compatible local den-
sities with respect to a reference measure. But the regularity of the density
and the existence of an underlying nice interaction potential is completely
unclear. In the Remarks after Proposition 2.5 in ref. 2, a reference to the
work of Kozlov was given to clarify this question. The object of this paper
is to present a positive answer for the projection at time ¢ > 0.

The challenge is to control the evolution of an initial absolutely sum-
mable interaction ¢ under the dynamics (3). It is clear that, even if ¢
is of finite range this property immediately disappears for any time 7 >0
since the interacting diffusion carries instantaneously information between
all the coordinates. Moreover, to assure that at time #, the process is still
Gibbsian and associated to a “good” interaction, i.e. an absolutely sum-
mable one, we are obliged to restrict our study to two cases; first for small
times ¢, which implies that the process stays close to the initial Gibbsian
condition. Secondly, for small dynamical interaction ¢ between the coor-
dinates, which assures that the sum of the initial interaction and the inter-
action induced by the dynamics does not explode.

3. PROPAGATION OF GIBBSIANNESS DURING A SHORT
STOCHASTIC DIFFUSIVE EVOLUTION

Let us consider the infinite-dimensional gradient system (3) intro-
duced in Section 2 where the initial distribution is Gibbsian. We have the
following result.

Theorem 1. Let QV be the law on Q=C(R+,R)Zd of the infinite-
dimensional diffusion solution of

4)

dX;(t)=dB;(t) — %V,-h,'(X(t)) dt, ieZ >0,
X(0)~v

where v € G(¢, dx) with support included in ll(y), with y = (e‘“'”)iezd,
a > 0. Let us moreover suppose that
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(1) the initial interaction ¢ is of finite range (FR) and each ¢, is
Lipschitz continuous (uniformly in A)

(i1) the dynamical interaction ¢ is of finite range (FR), and each ¢y
is C2 with bounded derivatives of order 1 and 2 (uniformly in A).

Then, there exists a time 7y >0 depending only on ¢ and ¢ such that, for
any t <,

V=0"0X0 ' veg(@,d0)) CG', dx)

where ¢’ is an absolutely summable (AS) interaction depending only on
the initial and dynamical interactions ¢ and ¢.

Remark 1. One can make explicit some additional assumptions on
¢ in order to assure that G(¢, dx) contains at least one measure with sup-
port included in {'(y). For example suppose there exists a > 0,5 >0 such
that for each i e Z¢

(1) VxeR, xV;@;(x)>=alx|—b
(i) a> > [IVigalloo-

A>i
HA>1

Then there exists v e G (@, dx) satisfying [ ||x[l, v(dx) <+oo where ||x|, =:
> iczd Ixile™®lil. This obviously implies that v{x:||x|l, <+oo}=1.

As example, the following concrete pair interaction ¢ satisfies con-
ditions (i) and (ii): take as self-interaction ¢; for each site i the same
C!-regularization around 0 of the function x — a|x|, and as finite range
pair interaction ¢y; j; any C ! function on R? with small enough bounded
derivatives.

The proof of Remark 1 is postponed to the end of the section.

Proof of Theorem 1. The proof is based on an approximation of v’
by a sequence of probability measures v}, which are the laws at time 7 of
finite-dimensional systems. It will be relatively easy to obtain a Gibbs rep-
resentation for each v} . But the delicate point will be the convergence of
their associated Hamiltonian functions towards a limiting function, which
will be a good candidate as Hamiltonian function associated to v’.

Let us first recall a representation theorem, which we will use for the
initial Gibbs measure v (Theorems 7.12 and 7.26 in ref. 13).
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Lemma 1. The probability measure v, like every element of G(¢, dx),
is a mixture of elements of ex G(¢,dx), where ex G(p,dx) is the set
of extremal Gibbs measures p which are characterized by the following
property: there exists ye]RZd such that

. 1 i
w= lim pp,®8y,, Wwhere up ,(dxp)=—= e MAA N gy, (5)
A 74 A,y

The family of 4 y is in fact the family of finite-volume specifications with
fixed boundary condition y.

The limit in the above Lemma is taken in the following sense: for any
increasing sequence A, of finite subsets in Z¢ converging to Z? when n
goes to infinity, pa, y ®38,,. converges in the local convergence topology
towards .

We first prove the theorem in the case where v eexG(p, dx).

Let (va,y)acze be the approximating sequence of v defined by (5). For
A CZ? fixed and any i € A, we introduce the i-decoupled infinite measure
Vi, as follows:

yA,‘;

. 1 -
vj\’y(dxA): z e_hA\"*AC(x’y)dxA\,'dxi.
Ay

Since sz,Ac(x, y) =ﬁA\,~,Ac(x, y) +ﬁi(xAyAc), we obtain
Vi (@x) =M uy | (dxy). ()

Let us remark that v y ®3y,. converges in A towards a measure v’ on

yae
RZ’ which is absolutely continuous with respect to v and satisfies:

vi(dx) — i v(dx).

In the same way, we denote by ua and ui\ the following measures (not
necessary finite):

pa(dxp)=e "IN dx ol (dxp) =e TN dxpyidx. (7)
Then

i (dxp) =eMintn) s (dxy). ®)
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Let us now introduce the following finite-dimensional approximation of
the dynamics (4):

dX;(t)=dB;i(t) = 1Vihi A(Xa()dt, VieA, 1>0. ©)

Remark that we also could write the drift as —%V,-h A9(XA(t)). Under this
form, pp is clearly a reversible measure associated to this dynamics.

We denote by Q3" the law on C(RT,R)" of the solution of (9) when
the initial condition is xx € RA.

We now introduce, in the same way as above, some decoupled
(infinite- and finite-dimensional) dynamics at the site i:

{de(t) =dBj(t)— §Vih;za (X (®)dt, VjeZ\{i}, 1>0 (10)

dX;(t)=dB;(1), t>0.

Q%' denotes the law of the solution of (10) with deterministic initial con-
dition x € RZ’. These dynamics are useful since they are simpler than the
undecoupled ones, and we will prove that the law v’ of the gradient sys-
tem at time ¢ is absolutely continuous with respect to the law at time ¢ of
the above decoupled system.

We also consider the finite-dimensional approximation of (10):

(11)

dX;(t)=dBj(t) — $Vihjai(Xavi(0)dt, VjeA\i, t>0
dX;(t)=dB(1).

We denote by Q32" the law on C(R*,R)* of the solution of (11) when
the initial condition is xp € RA. u) is a reversible measure associated to
this dynamics.

Since the solution of (4) (when it exists) is Markovian, one has: Q¥ =
J 0 v(dx). More generally, for any measure p, we denote by Q" (resp.
Q’”,‘Q‘X or Q") the mixture of Q¥ under w: Q* = [ Q* u(dx) (resp.
[ 0% p(dx), [ QF widx) or [ Q% pu(dx)).

We also define the projections at time ¢ of these measures:

V=0"oX Tl v =0"oXx() vy, =0 oX()7,

t,i ”L\,w" -1
VA = Ox o X))
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Lemma 2. For each r >0 and i € Z?, the following weak conver-
gences hold:

: t .t
lim v, ,=v" and lim vA} v

AT AT

t,i

Proof. We only prove the first convergence. The proof of the second
one is analogous.

Under the assumptions satisfied by ¢ in Theorem 1, it is simple to
verify that for any initial deterministic condition x €/!(y)= [y=0i)jeze €
RZ: |y|l, < +00}, a strong solution of (4) exists in C(R*,1'(y)). It is
obtained as limit of finite-dimensional diffusions solution of (9). More pre-
cisely, let A, be an increasing sequence of finite subsets in Z¢ converging
to Z¢ when n goes to infinity. To clarify the notations, instead of using the
canonical processes, for x eRZ" we denote by X* the solution of (4) with
v=34, and by X"-* the (infinite-dimensional) process with initial condi-
tion x whose restriction on A, solves (9) with A=A, and whose coordi-
nates outside A, are frozen in x Ac So the law of X* is equal to Q* and
the law of X)* is equal to Q " ® 6y e Following analogous techniques
as the one used in ref. 27 Theorem 4.1 (or refs. 7, 26 if the interaction is
reduced to a pair interaction), we now prove that, for any 7 >0, X()* ig
a Cauchy sequence in L(C([0, T],1'(y))).

Let r the range of ¢ and K >0 the supremum of a Lipschitz constant
for V;h; (uniform in j) and a bound for sup, |V;h;(x)|. Let m <n and let
Ay, denote the r-interior of A, defined by A;, ={je€ A, :Vk with |[k— j|<
r,ke Ay} So Ay, C Ay CA,y.

For i e Ay,

1 1t
X0 = X" 0l = 5 ’ / Vihin, (X () = Vihi a,, (X™(5)) ds
0
K R (m).x
<3 > X (s) = X\ (5) | ds
{j:li—il<r}
Thus,

E (sup 1X" (5) — Xl.(m)’x(s)|)

s<t

<5 > / (suplX“’”‘(u) X""“<u)|)

{ilj—il<r) USS
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For i e A, \A,,,

X (1) = X (1)

1 t
=5 ‘ /O Vihi n, (X)) = Vihy o, (X (5)) ds

K t
<3 X X7 (5) = X9 () ds
el =il <rInA, 70

SI[E Ve s

AN A
A CA,

Thus,

E(sup X () — X}’">*"(s)|)
s<t

K K
= ) /E sup|X(")x(r) X )|>ds+—t.
r<s 2
{j:1j—il<r}

For i € A,\L,,, we have

X0 = X" 0] =

1 t
5 [ Vb (X as
thus, using Doob inequality for B;,

(sup|x("”(s) X<m>x(s)|)<2J+—z
s<t

For i € AS, |X" (1) — X" (1)| =0.

To obtain the desired Cauchy property, we apply the following infi-
nite-dimensional version of Gronwall’s Lemma (see for example ref. 25
Lemma 1, page 197). If for each i € Z%, f;(r) satisfies

fz(t)<61,+ Z %1/ f](s)ds

jezd

with ¥, qi.jvi < Cy; for some constant C >0 and any j € Z%, then
the following inequality holds in I'(y): | () I, <l ¢ Il e". Taking here
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FO=EGup,c, X" ()= X" ()D), qi.j =5 W ji1<r M, (), ¢/ =i+
%t)HAn\A31(i) and C=§e°"#{keZd, |k| <r} one obtains

E(sup | X% (5) — X (5) lly ) < (2ﬁ+ §t>< Z y,») exp Ct.

st iEAN\AS,

(12)

Since y €1'(Z?) the right hand side of this inequality goes to 0 when
n and m are large enough—uniformly in x—we conclude that X()-*
converges in L(C([0, T],1'(y))) uniformly in x towards X*.

Moreover, with similar computations as above, one obtains the
following Lipschitz regularity of X* as a function of x:

3C">0, E(sup | X*©) = X" @), ) <llx =yl ™.
s<t

Now, the law of the solution of (4) is just a mixture under v of the
laws Q*. We may claim this since the support of v is included in ' (y).
Let us now prove the local convergence of vf\my towards v’. Let g be

a A-local Lipschitz function on RZ’ with Lipschitz constant K, and fix
m <n large enough to have A C A, (CA,). We have

| / g Gea)v! (dx) - f gGah, (dxa,)

=| / g(Xa(1)Q"(@dX) - / §(Xa) Q" [@Xa,)

=‘/defg(XA(t))Qx(dX)v(dx)—A.kA /g(XA(t))Q)X:” dXp,)vn,,y(dxn,)
<C14+Cr+Cs

where

Ci = /R " / §(Xa(1)Q*(@X) - / gXAM)QR" (@X)| v(d)

G = ‘//g(XA(t))Qf\’:n’” (dX)v(dx)—//g(XA(t))Q)X:nm dX)va, y(dxa,)

Czy = /
RAn

/ gXaM) Q" (dX) — / gXa() QR (dX>\ VA, (dxa,).
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With the above notations,
€1 = [, Bl o) s o)lvian
<Ke [ EXAO =X Olv@n

(m),
< K, A;{Zd EZ|Xf(t)—Xim ()] v(dx)
ieA
-1
< Kg(inf y,-) /de EY yilX: (0 — X5 (0] v(dx)
ieEA

ieA

. -1
< &e(inf 1) /R E(1X*(1) = X" (1) ) v(dx)

< Z i |

i€(AS)°
using (12) for the last inequality, where ¢; >0 is a constant depending only

on t,p,g,r,A,y. In the same way, one has

Cy = f Elg(x " 0) = g (X 0) va, oy (dxa,)
RAn
< Kg/A EIXY(0) = X5 (0| va,.y (dxa,)
RAn

-1
<&(infn) [ EQUXEO =XMW1 v, @)
ieA

< Z Vi

ie(AS)°

The second term is controlled in the following way:
C=| f E(g(X3" (0)v(dx) - / E@XQ"" ())va,.y(dxa,)|.

But, for m fixed, X(Am)’x(t) and then E(g(X(Am)’x(t))) are A,,-local
functions in x depending continuously on x,,. So, thanks the local con-
vergence of the finite-volume specifications vy, , towards v when n goes
to infinity, this term vanishes for m fixed and n going to infinity.

To complete the proof of the convergence of vj\n towards v’ it

remains now to take m large enough in such a way that (iie( Ao)e Vi) (and
thus C| + C3) stays as small as necessary. |
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To prove that v’ is Gibbsian, we will use the fact that v’ is abso-
lutely continuous with respect to v, which itself is a consequence of the
absolute continuity of v} y with respect to vﬁ\” ,- Let us start with a nice

1
dUA,y

(XBE
VaLy

representation of this density

Lemma 3. For each >0, ACZ¢ and any i € A,

Aot i E (efA,y<XA(z>)—fA,y<xA))
Dhos ey e ST
vy’ Egn (efA\l,y< Mr))—.fml_y(xm)

where

Fay(X)=hag(xa) —ha ac(x,y).

Proof. We have:

t t

dv d dut
2 (x0) = = (xy) “?(xA)d“A (xa).

t,i t,i
dvy, dpp du'y Vay

Using the reversibility of Q" (resp. Q‘XAJ) the first term of the right hand
side is obtained as follows: for any regular bounded local function g,

f gaVh,(dxp) = f g(XA () QY (dX)

d ,
= / / (XA (1) d"“ (X7 (0)) QK" (dX)
HA

dva y X
= f / 2((XA(0)) =22 (X (1)) Q14 (dX)
dua

dUA’y XA
= /g(xA)/ 7 (XAM) O (@X)ua(dxn).
A
Then

d\};\ X dv

LY A
= X <

din (xa) EQAA 7

(XA (1))).
HA
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Doing a similar computation for the decoupled dynamics one obtains

t
dvAiy (xp) = E ia (efA,y(XA(f)))e—hi,A(xA)E N (efA\i,y(XA(t)))_l
dvi! ox Oy

A,

y

: efz{(xA) EQ}‘\A (efA._v(XA(I))—fA.y(XA))

— ¢ hiaGa)tei(xi

efmiya) oo (efA\i,y(X/\(l))*fA\i,y(xA))’
Oni

which is the same as the expression (13). |
_ Let us first remark that, since ¢ is of finite range, the expression
ehiEayRe) does not depend on y and on A for A large enough. We will
now prove, using cluster expansions, that the last ratio in (13) is a function
of x indexed by A which converges uniformly in y when A tends to Z<.
Thanks to Girsanov theorem, the probability measures Q7" and Q)Xfi
have a Gibbs representation on the path space C(R*, R)%, that is, if one
restricts them to the canonical filtration at any time ¢ they have both an
explicit density with respect to the Wiener measure with deterministic initial

condition x,, denoted by ®;cap”. The density of Q)" is the following:
t

Fact) =exp 3 ([ =49ihiaCtas) dxi)

ien 70

1 t
-3 /0 §(Vihi A2 (XA ()ds ).

which becomes, using I to formula,
Fa(Xp) = exp (— $hap(Xa(®))+ 3ha g(XA(0))

t
+3 /O (gTAihA,@ - %(vihA,mz)(XA(s))ds)

ieA
= exp(— Z ¢A(XA)), (14)

ACA

with

t
®aX0) = boaXa@) = boaCta ) = [ (53 4j0a0xa )
jeA

1
g Z Z V./‘l’B(XA(S))VJ'(Pc(XA(S))>ds. (15)

B,CCA jeBNC
BUC=A
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The family ® =(®4) 4z« is an interaction potential on ; since ¢ is
of finite range (FR), @ is of finite range too. Denoting by H the hamilto-
nian function associated to ®, we then obtained that, for any A ¢ Z¢ and
i € A, on the events depending only on times between 0 and 7,

QN (dXp)=e XN @y p*i(dX ). (16)
In the same way, one proves that
Q1 (dXp)=e TMinaD) @i 0" (dX ) ® P (dX). (17)

Let us describe some properties of the interaction potential ®.

Lemma 4. There exists a constant C >0 independent of the time ¢
such that for any X € Q and any A c Z4

[PA(X)] < C(t+sup|Xj(l)—Xj(0)|)~
JjeEA
Proof. 1t is clear, due to the equality (15) and the assumptions given
on¢. 1

We can now expand the terms E v (e/8yZa)=fay@a)) and E ia
QA QAJ

(efmiyEal)=fmiy@a)) We give the detailed computations only for the
first expansion, since the second one is obtained in a similar way.

Egun (MOt g, (exp (— ) wg;%xA))) (18)

ACA

where WA is the following interaction potential on C ([0, T, R)A:

WX = @00 — @a(X (1) + A (X (O)
+ Y (fs(Xa0ya) = @s(Xa@yn0).  (19)

BczZ4
BNA=A

We also denote by W the interaction potential on C([0, T7, R)Zd:

WA (X)=PA(X) = a(X (1) +9a(X(0)) + (@a(X (1) —pa(X(0))) (20)
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and immediately remark that, as soon as A is large enough with respect
to the index set A, WX’AE\IIA.

As in the Lemma 4, we obtain the following estimates for the inter-
actions WA and W,

Lemma 5. There Sxists a constant C >0 independent of the time ¢
such that for any yeRZ A cZ¢ XeQ and any ACA,

A (x)] < C(t+sup |X () —Xj(0)|)
jeA

and

WG] < C(14+sup (X, (1) = X, 0)]).
jeA

Proof. 1t is a direct consequence of Lemma 4 and the assumptions
given on ¢ and ¢. The uniformity of the first upperbound with respect to
y and A is then clear. [

Let us now introduce the main notations and tools we need for the
cluster representation. Let N €N large enough is such a way that for #A >
N, \IIX’A =0. Such a number N exists since \IJ%’A is of finite range uni-
formly in y and A. Let V be a finite subset of Z¢ such that for any A c Z¢
with \IJX’A #0 then A CNjea(V+ j). (Such a set exists. For example if
¢ and ¢ are nearest neighbor pair potential interactions, then for #A >
3,\IJX’AEO and one can take V={ieZ:|i|=1o0ri=2j,|j|=1ori=
Jtk 1jl=1,lkl=1})

Let us define a subclass of finite volumes in Z¢:

D:{Ach: 1 <#A<N and Acﬂ.,‘eA(V—kj)}.

A finite set y ={A1, Ay, ..., A}, n>1, of elements of D is a clus-
ter. It is called connected if for any A;, A; € y, there exists a sequence
i=i{,iy,...,in=j such that A NAL#D, A, VAR #0, ..., A, [ NA;, #
. We call support of the cluster y the subset of Z¢ equal to (J_; A
and denote it by supp(y). The integer number |y| is the cardinality of the
support of y.

We denote by A the set of connected clusters and 4, the subset of
A which contains the clusters whose supports are included in A. A collec-
tion of clusters yi,¥2,..., ¥, Is called compatible if their associated sup-
ports are disjoint. We denote by L, the set of all compatible collections
of non-empty clusters belonging to Ay .
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We can now start the expansion of the expression (18).

. . p, A
ACA

=Eg,.\p" (1 +> Y KM M (X)) ./cy*A(yn)(m),
n=1

V1, ynl€LA

where

A0 = [ (74" —1)

Aey

We then obtain the below cluster decomposition:
E (efA.y(XMr))ffA,y(xA))
oy

o0
=1+Y > KoK o). KE N ) 1)
n=1{y1,...yn}€LA

where
A y
KN 0) = Eg 00 (K 0)(0).
In a similar way, we obtain for any i € A:

E (efA\,-,y(XA(t))—fA\.-,,,(xA)>
QA,i

o0
A A A
=1+> Y KT OKT ) KT ().
n=1{y1,...vu}€Ln\i

Let also define the coefficients related to the interaction ¥ (instead of
wY:A) by:

K@ =TT ("M -1).  K=Eg_,»Kp). (22)
Aey

In the next lemma, we provide estimates for the weight of the clusters
(uniformly in x, y and A).
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Lemma 6. There exists some strictly positivs: constant Agt) which
tends to 0 as 7 goes to 0 such that, for any x e R%", any yeR%Z", A cZ¢
and any ye A

IKPM )< and K () <A@,

Proof. We need to commute several times integration and products.
To this aim, the following abstract integration lemma, which generalizes
Hoélder inequalities, is very useful. It is proved in ref. 23 Lemma 5.2:

Lemma 7. Let (uy)rex be a family of probability measures, each
one defined on a space E,, where the elements x belong to some finite set
X. Let us also define a finite family (gz)x of functions on Ey = x,cxEx
such that each g is AXj-local for a certain Xy C X, in the sense that

gr(e)=gi(ex,) fore=(ex)rex €Ex.

Let pr>1 be numbers satisfying the following conditions:

1
viex, > —<l (23)

Then

1/pk
’/E ngk Qxex diy QH(/. |gk|pk Qxex; dﬂx) . (24)
Xk k

Ex,
Let V={A1,A%,-~- , Ay e A; we apply Lemma 7 with X' = supp(y), Xy =

Ak, gk —e¢ "4 —1 and pr = p for all k, with p an even integer number

greater than N. Since ), ; p‘k N <1, we get

A —pA 1/p
IKY 2 (0] < l_[E®l€Aka< Ak—1|P) :

Using the bound of Lemma 5, we obtain

1
(y)l 1—[ ®15Akﬂj< C(t+supj€Ak|Xj(t)—xj|)_l)p) /p.



Propagation of Gibbsianness 529

Now, due to the existence of any exponential moment for the
N-dimensional Brownian motion,

CU+sup; - |X;(t)—x; m\1/p
E®j€Akij ((e (t Sup/eAkl j(f) Xﬂ)_l) ) <)\.(t),

where the constant A(7) tends to 0 as ¢ goes to 0, uniformly in x and A €
D. One obtains the first desired upperbound:

KV o)1 <.

The second upperbound is then obvious. |
One can then deduce from Lemma 6 the following upper bound: for
any cluster y € A and for ¢ small enough,

v’A ’
sup sup Z KT )le” <yl (25)
x,yeRZd Acz? y'eA:
supp(y)Nsupp(y) £

So, following Kotecky and Preiss (cf ref. 16 page 492), we can expand
for + small enough the logarithm of both, denominator and numerator of
the ratio in (13):

In ( E o (efA,y<xA<r))fA,y<xA>>>
oy

(14 X Kok om. K o)

n=1{y1,...yn}eLa

=3 Y aGn KT o K ), (26)
n=1

v, vnteMa

and

n(E (efA\l-._v<XA<r))—fA\l-.y(xA>)
QR

=1n(1+2 > Kz"AwoK%'A(yz)...Kz'Am))

n=1{y1,..yn}eLa\i

=Y > abn K o0 K o), 27)
n=1

V1, vnteMan
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where M, is the set of collections of clusters yq,..., ¥, € Ax such that
their union is also in A,, that is the union is connected too, and the real
numbers a(yy,...,Yy,) are coefficients coming from the Taylor expansion
of the logarithm function. The logarithm of the ratio is equal to the differ-
ence of the logarithms (26) and (27). It has then the following expansion
for ¢ small:

o
A A
Yo ati v KX ) KT (). (28)
n=1{y|,....yn}eMn:
supp(U;y;)i

Since the inequality (25) holds uniformly in x, y and A, following
ref. 16 (see also Ref. 1 or Ref. 21), we conclude that the series (28) con-
verges uniformly in x, y and A. Moreover, for any cluster y, K}’ A(y)
tends to K,(y) as A goes to Zd, using Lebesgue dominated convergence

LY (x5) converges uniformly in x, y towards

theorem, we conclude that o
A,y

e~ hi()Gi™) wwhere

o0

Gi=Y_ > aWi....v) K. Ki(m). (29)
n=1{y1,...va}eMya:
supp(U;y;)i

We are now able to complete the proof of Theorem 1.

From Lemma 2, for each regular local bounded function g from R”
into R, we have

/HA{ LBV @) = lim [ g(ea) v (dxa)

A—74 JRZ
dvly Ay
= lim [ g A) 2 (xa) vy (dxa)
A—7d A y

/de g(.XA)e_ili(x)JrGi (x)vt,i (dx)

Thus, on R%’, the probability measures v (dx) and e hiFGi@) i (g x)
coincide for each i € Z¢. Furthermore, since each v’ A s the law at time ¢ of
a decoupled dynamics with decoupled initial condltlon it is a product mea-
sure on RAV x R} whose projection on the ith-coordinate is exactly the
Lebesgue measure. It implies that their infinite-volume limit v- is a prod-
uct measure on RZ'\ x R}, whose projection on the ith-coordinate is the
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Lebesgue measure too. Then, v’ is a Gibbs measure associated to Lebesgue
measure as reference measure and to the interaction ¢’ given by:

o0

L) =ga) =Y Y ai. v Ke(r) . Ki(va). (30)
n=1{y1,....yn}e€Ma
supp(U;jy;)=A

This interaction potential is an explicit small perturbation of the initial
interaction ¢. The proof of Theorem 1 is now completed in the case v e
exG (@, dx).

On the other hand, due to Lemma 1, v can be represented as a
mixture v = [vym(dl), where vy are elements of exG(¢, dx). Therefore,
Vi = vmdd o x (1)~ = [(Q" o X (1)~ ym(d6) = [ v}, m(d). Since we just
proved that v, € G(¢', dx), this implies that v/ € G(¢', dx) too. |

Proof of Remark 1. 1t is done similarly as in ref. 26 page 71. For
any n>1 and y eRZ we first prove that fRA,, lx[lyva,,y(dx) is bounded
uniformly in n and y. For i € A,, by integration by parts,

Zn,y = /]RA exp(—hy, 7a(x,y))dxa,

= /X,’V,’ﬁAmzd(x, y) exp(—ﬁAmZd(x, y)dxp, .
Thus fxiV,-ﬁAmZd(x, Y)va,,y(dxa,)=1. But

xiVihy, 74(x, ) = xVigi(xi) + Y xiViGa(xa,yag)

A>i
H#HA>1
> alxil—=b— Y |xilIVigallos
A>i
HA>1
> @— Y [IVigalloo)lxil = b.
A>i
#HA>1

Thus, for some a’ >0, [(a'|xi| — b)va,,y(dxa,) <1 which implies that
there exists a constant ¢ > 0 independent of n and y such that
[ |xilva, y(dxa,) <c. This bound remains valid for the integral under v,
and then

/IIXIva(dX)=/ZIXile_“'i‘V(dx)Scze_“'”<+oo. |
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4. SMALL DYNAMICAL INTERACTIONS

Let us now consider infinite-dimensional gradient dynamics where the
dynamical interaction is small. Since the self-interaction does not need to
be small (on the contrary) we divide the dynamical interaction into two
parts as follows U + B¢ where U is the self-interaction and 8> 0 is a small
parameter. We then consider the following dynamics:

dX,-(t):dB,-(t)—%U/(Xi(t))dt—gVihi(X(t))dt i€z t>0 31)
X(0)~v

This dynamics is a small perturbation of a free system, which is further-
more supposed to have nice ergodic properties, in such a way that its
behavior for large times is close to the stationary one.

The self potential U, supposed to be a C>-function, is called u/tracon-
tractive if the semi-group associated to the one-dimensional free dynamics
dx(t) =dB(t) — %U’(x(t))dt, where B is a real-valued Brownian motion,
is ultracontractive. We denote by m the unique initial distribution on R
which makes the process x(-) stationary; one has

m(d€)= ée*”@ dé, EcR.

Let us notice that there exists in the literature several types of conditions
which imply the ultracontractivity of U. Let us cite one set which is useful
(cf. Theorem 1.4 in ref. 15):

U’ — %(U’)2 is bounded from above,

: " *© 1
0<limg_, U"(§) and / U/—(S)d$<+oo.

A typical example of such self-potential is given by U (£) =|£|*+? for some
s>0.

In the previous section, no particular assumption was given on the set
of Gibbs measures G(¢, dx), which contains the initial distribution v. Thus
G(@,dx) could be a singleton or it could have more than one element
(phase transition). In the contrary, in this section, to control the evolution
of the interaction at each time ¢ we use techniques involving Dobrushin’s
uniqueness condition, and therefore, we should suppose that the initial
measure v is the unique Gibbs measure associated to some interaction ¢:
G(@, m)={v}.

Let us now introduce two definitions.
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We say that an interaction ¢ on RZ’ satisfies the strong Dobrushin’s
condition if it is absolutely summable and if the following inequality holds:

(SDC) sup Y (#A—1) sup [pa(x) —pa()] <2.

iezd A>i x,yeRA

In ref. 8 such an interaction is called a “high temperature interac-
tion”. It is well known that if an interaction ¢ satisfies (SDC), then it
satisfies the Dobrushin’s uniqueness condition which implies that G(¢, m)
contains at most one element (cf. for example ref. 13, Proposition (8.8)).

We can now state our result.

Theorem 2. Let QY be the law on Q of the infinite-dimensional
diffusion solutjon of (31) where v € G(@, m) with support included in ' (y),
with y = (e~®Il),.4, @ > 0. Let us moreover suppose that

(1) the self-potential U is ultracontractive,
(i1) the initial interaction ¢ satisfies (SDC), and

(iii) the dynamical interaction ¢ is of finite range (FR), regular
bounded (RB) and satisfies the following assumption

sup sup sup |U’(x;).Vipa (x)| < +o0. (32)
ACZ4 i€A xeRA
Then, there exists By >0 depending only on ¢ and ¢ such that, for any
B < By and for all r >0,

V=0"oX(1) e, m)

where ¢’ is an absolutely summable (AS) interaction.

Condition (32) is a balance condition between the self-potential U and the
dynamical potential ¢. This is satisfied for example for any potential ¢
which is constant at infinity.

Proof. Let us first remark that for ¢ small enough, we could use
similar techniques as in the proof of Theorem 1, writing the cluster expan-
sion now no more with respect to the time but with respect to both small
parameters ||¢]loo and 8. But we want to obtain more than a perturbative
result around the free stationary case. Therefore, when ¢ is not supposed
to be close to 0, we have to develop other techniques than before. To this
aim let us introduce some more notations.
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As in the last section, the infinite-dimensional dynamics (31) is
obtained as limit of the following finite dimensional dynamics: for A C
74, A finite,

dX;(t)=dB;(t) — %U’(Xi (1)) dt — gvihi,A(X(t))dt, ieA, t>=0.
(33)

For any x,y ERZ‘I, AcCZ? and I =[a, b], we use the notations:

— QV (resp. QF): law on € of the solution of (31) with initial distri-
bution v (resp. Jy).

— Q):law on C(RT,R)* of the solution of (33) with initial deter-
ministic condition x,.

— P*:law on Q=C(R™, R)Zd of the solution of the free system ((31)
with 8 =0) and initial condition x; it is the infinite product of the one-
dimensional free dynamics Pix", each of one having at time ¢z p;(x;,-) as
density function with respect to m.

Pi2: law on C(RT,R)A of the solution of (33) when =0 with
initial condition x,.

P’y law on C(I, R)* of the solution of (33) when =0 condi-
tioned to the initial and the final values : X (a) =xp et Xp(b) =ya

Step 1: Density of Q)" o X (t)~! with respect to P oX ()" ! on RA

Our first aim is to obtain this density as an exponential function of
an uniformly convergent sum of interactions. By Girsanov theorem, Q)"
restricted to the canonical filtration at time ¢ is absolutely continuous with
respect to Py* with density denoted by F,. Making similar computations
as in the proof of (14), one obtains

1 1
FA(Xp) = exp <— EﬂhA,@(XA M)+ zﬂhA,Q(XA(O))

tl 1
+2 fo (ZBBihan(Xa() = B (Vila g (Xa(s)
ieA
1 1
+PU(Xi <s>)vl~hA,@<xA(s>>)ds) =exp (= 3Bhan(XA(1)
1 t
4B p 0N + [ 3 eaX))ds). (34)

2
0 Aca
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where for A CZ4, g4 is the following F4-measurable function on RZ!

1
84 () = 283 (Bipatea) + U/ Vigaxa) )
i€A

1
=3B 2 D Vien(e)Viec(xo).

B,CCA ieBNC

Moreover, due to the assumptions on ¢ and (32) there exists a constant
C >0 such that

VACZ!,  lgallo<CB. (35)
From (34), one deduces that

O ox)™!

— o 3BUa () —BhA ) g 36
-4 - — 2 s
PXAoX(t)—l(yA) e A(x,Y), (36)
with
t
fa(x,y) = Epey » X (s))ds) |. 37
A(x,y) PAV[OJ]I:GXP(/O ACAgA( () s)] (37)

We are now looking for a cluster representation of fu (x, y) for g small.

We first work at the space-time level as in ref. 3 or 22 (cf. also ref. 14
or ref. 20); Clusters are then subsets of Z¢ x N. In Step 2, we will project
this representation at times 0 and 7, obtaining clusters in Z? x {0, 1}.

Let us introduce the notations we need. Let N € N large enough is
such a way that for #4 > N, g4 =0. Such a number N exists since g4 is
of finite range by constrution.

Let V a finite subset of Z¢ such that for any A C Z¢ with g4 #0 then
ACNjeaV+ ).

Let us define a subclass of finite volumes in Z¢ x N:

D:{A:Ax{j,j—i—l}CZd xN: 1<#A<N and ACDiGA(VJri)}.

A finite set y ={A|,Ay,...,A,},n>1, of elements of D is a cluster.
It is called connected if for any A;,A; €y, there exists a sequence
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=i, 00, ..,ipm=] such that Ai] ﬂAiz #40, Aiz ﬂAl’3 #0, ..., Aim—l ﬁA,‘m 0.
We call support of the cluster ¥ the subset of Z¢ x N equal to U A
and denote it by supp(y). The integer number |y| is the cardinality of the
support of y.

We denote by A the set of connected clusters and A x[o,p] the sub-
set of A which contains the clusters whose supports are included in A x
{0,---, M} cZ4 x N. A collection of clusters Y1, V2, ..., Vn 18 called com-
patible if their associated supports are disjoint. We denote by L x[o,m)
the set of all compatible collections of non-empty clusters belonging to
Apx[0,m]-

We can now start the expansion of the expression (37).

Let M be some integer which we will fix later, and T = ﬁ We
decompose the time interval [0, f] into M subintervals I; =[jT; (j +1)T],
j=0,---,M—1. We obtain, taking xo=x,

M-1
= [ [ [ T1 Hexp(/} ga(X($)ds )
0 j

ACA j=
M2 (€] M @
j j+1 R ,
< [T [Tpre” a0 P50 @xopy (7 @x)...
j=0ieA

NUEY
X Py 1y,

=///<1+i Y Kmon

n=0{y1,-,¥n}€LAx[0.M]

}’(dx)m@A(dx(l)) » .m®A(dx(M_1)),

(D x@

x K (y2)(X) ... ICM%)(X)) Pl @x) Py dx).

(M~-1)
x P} Y

N L @X)m® dxVy ... m®* (dxM-D).

Km(y) has the following form:

Knx) =[] (PT (%G x (G + D7) )exp ([ s0xeonas) - 1)

(i)l j+ ey g
j<M—2
< 1 (exp(/ gA(X(s))ds)—l>
Ax{j.j+)ey I
#A>2
J<M=2

X 1_[ (exp (/;M_l gA(X(s))ds) - 1).

Ax{M—1,M}ey
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We denote by €(7T) the maximal fluctuation on [T, +o0] of the kernel p;
around the equilibrium:

€(T)=sup sup |p;(a,b)—1]|. (38)
t>T a,beR

(Let us recall that by definition, p; is the density function with respect to
the stationary measure.)
Since U is ultracontractive, one has

lim (1) =0. (39)

Let us choose B < By with ﬂo satisfying ( )eé*/%— 1<1. We con-

L
l+e(2 %)
sider now both cases, 8 < 2 and g > tlz separately.

For < < 5 (which 1mphes tB < +/B) we fix the integer M equal to 1. So
T =t and We only have to control Ki(y), which has the following simple

form:

i =] T1 (exp</ ga(X)ds) ~ 1))
Ax{0,1}ey [0.7]
ly]

<(Cfﬂ 1)*V (Cf_l)‘#* (40)

For B >tl2 we fix the integer M equal to [t4/B]+ 1, which is the smallest
integer strictly larger than r./B; so T = —-~— and satisfies 3 f <T < \IF

i [tvV/Bl+1
We obtain
1Ky () (X)] < ((1+E(T))6CT;9_1>

(et

From (40) and (41) we deduce there exists a function A(8) which is
independent of the time ¢ and tends to 0 as 8 goes to 0 such that

K ()X <A
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Thus,
o
i, )=1+) > Ky 0Ky () Ky () (42)
n=0{y1,....¥n}€LAx[0.M]

where

K () = /.../ICM(y)(X)Pj{:);:)(dX)...

M-1)
PXJMAJ(dX)m@A(dx(I)) L m®M (@M
and inserting (41) we obtain

sup [K3" (7)1 <AB)L
x,y,t

As in the last section, this implies that for any cluster y € A and for 8
small enough,

x’ /
sup > K3 (r)1e” <yl
x,yeRZ? 150 y'eA:
supp(y)Nsupp(y’)#0

For B small enough, following Kotecky and Preiss, one obtains the follow-
ing expansion for the logarithmus of fj (x, y):

In (fA(x, y))

o
=> > ayi, - Ky DK () - K ().
n=0{y1,....¥n}€EMax[0,m

We now leave the space-time level and go to the level of the projections at
times 0 and ¢, obtaining :

_ X,y X,y
, Sy K () ,
In (fA(x y)) - > ayr, - yK ) - K ()

ACA n=0{y1,...yn}eMaxo,m
Tr(y1see s v)=A

where Tr(yi,...,y,) denotes the spatial trace of the cluster yi,..., ¥,
that is the projection of its support on Z<.
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Thus from (36),

X OX(I)il ~ .
%\T@)—l()’/\)ze 2aca Paley) 43)
A

where

1
Py (x.7) = 3B(pa() ~a)
-3 > a, - vKy ) K (). (44)

n=0{y1,...vn}€Mpx[0,m]
Tr(y1see s vn)=A

We note some important properties of the function ®#.

Lemma 8. The function CD’Z(x, y) defined on RZ % RZ is indeed
Fa x Fa-measurable and satisfies

lim sup 3 (#A — 1)[| &4 [l =0.

ﬁ_)OiEZd A>i

Proof. The measurability property of <I>’Z is a consequence of the
following observation: K;,}y (y) depend on x (resp. on y) only on supp(y)N
(Z2 x {0}) C Tr(y) = A (resp. on supp(y) N (Z¢ x {t}) C A, so that in fact
o (x,y) = DA (xa, ya).

Moreover, Kotecky and Preiss proved in ref. 16 the following expo-
nential decrease of CD’Z with respect to A: For any a €R, there exists 8, >0
such that for all B < B, one has

sup sup " ¢*4 |0} oo < 1. (45)

ieZd teRT A

This implies that, uniformly in i and 7, the sum ) ,_,(#A — 1)||<I>/Z||OO
converges for B small enough. Since limg_, ”(Di”oo =0, we obtain the
desired result. i

Step 2: Study of Q= Q" o (X(0), X)) ! on RZXOY gud its Gibbsian
properties

In order to prove the Gibbsianness of v/ = Q"o X(t)~!, we study as
intermediate step Q¥ = Q" o (X(0), X(r))~!, the joint projection of Q' at
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time 0 and 7 on the space RS, where S is the so-called bi-space: S =79 x
{0, 1}. (In the framework of Probabilistic Cellular Automata, the idea to
analyse the properties of the process on a bi-space was already powerful,
cf. ref. 28).

Lemma 9. For g sufficiently small Q¥ is a Gibbs measure on RS
with reference measure m and associated Hamiltonian function H which
is defined as follows: if we denote by (A, A’) the subset of S equal to
(A x{0h U (A" x {1},

HaaGo)=ha)— > hpGion+ Y. ®h@y. @6
ieAUA ACZd
AN(AUA"Y#£D

Proof. Since the initial interaction ¢ satisfies the strong Dobrushin’s
condition (SDC), v is the unique element in G(@,m); it can be approx-
imated by the sequence of finite volume specifications with free bound-
ary conditions: (vpy = %exp—fz/\,wm@‘\)Aczd. Let QVAA be the law on
C(RT,R)M of the solution of (33) with initial distribution v,. Similarly to
the proof of Lemma 2, for any bounded regular local functional G, the
sequence [ GdQ) converges towards [GdQ’ when A tends to Z<. In
particular,

Ali_)n%d G(X(O),X(t))de\AZ/G(X(O),X(t))dQ”,

which means that the joint projection of @)} at times 0 and 7 on the space
(R%)A converges towards QV, the joint projection of QV at times 0 and ¢,
considered as probability measure on (Rz)Zd. Now, for 8 sufficiently small,
using Girsanov formula and (43), it is clear that the family (Q”AA) A 1s the
Gibbsian specification on (R2)Z’ with free boundary condition associated
to the reference measure on R? m(d¢, d¢) = p; (&, {)m(d€)m(dc) and the
interaction

WA, ) =¢ax) + DA (x,y), (r, ) e ®DZ Az

(This function on (Rz)Zd is indeed an interaction due to the measur-
ability property of dJ’Z proved in Lemma 8). Since ¢ satisfies the strong
Dobrushin’s condition (SDC) and, by Lemma 8, ), ;(#A — 1)||d>’g||<>O
is as small as required for B small enough, the interaction W satisfies
also Condition (SDC) for g small. This implies in particular that the set
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G(¥,m) of Gibbs measures on (Rz)Zd contains at most one element; this
element is nothing but QV, limit of the free boundary specifications (see
ref. 13 Example (4.20) for the relation between free boundary conditions
and usual boundary conditions.) The measure QV thus satisfies (DLR)
equations with the Hamiltonian function associated to W and the refer-
ence measure m. If we now consider the natural bijection between (RZ)Zd
and RS, QV is a measure on R satisfying (DLR) equations for any finite
volume of the type (A, A) C S, with Hamiltonian function Ha ) and ref-
erence measure m. This is enough to deduce the desired result, since any
finite volume (A, A’) C S can be included in some symmetrical volume
(A", A"ycS. 1

We now condition the measure QV to finite-dimensional projections
at time 7. Let us denote by QY'Y the probability measure QV(-|X c(z) =
yac), which is defined for any finite subset A of Z¢, and for v'-a.a. y. The
next lemma gives a Gibbsian description of this measure. Its simple proof
is omitted.

Lemma 10. The probability measure QYYA°, conditional law of
0V o (X(0), X (1))~ given {X ac(r)=yac}, is a Gibbs measure on RZXOUAX{1)
with reference measure m and Hamiltonian function HYA¢ defined for
(A, A)CZ? x A by

c d
H{X 4y 2a) =H(a 2 (¥, 28 V40), xeR% 7z eRM.

QYYa¢ can be decoupled as follows:

1
SN (dx,den) = o [ | oGz
Q"2 (dx,dzp) ZA(yAC)ieApt(x Zi)
X €Xp <_ Z (Dﬁ (x, ZA)’A<')>m®A(dZA)Qv’y“ (dx), 47)

Aczd
ANAAD

where Q”¥A¢ is a probability measure on RZ, Furthermore, (_)d"’YA‘ belongs
to G(P¥2°, m) where the interaction ®?a¢ is defined for x e RZ" by:
{ ‘??’AC ) =i (x)) — Wicac Inp;(x;, yi), i€Z? 48)
30 (x) = Ga () + Tanacy DA (x, yac), for ACZ, #A>2.

In the next lemma we show that uniformly (with respect to A and y) the
local specifications of Q":YA¢ converge to this Gibbs measure.
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Lemma 11. For g sufficiently small and 7 >0, for A cZ¢ and for all

d = . . = e

y e R% | the set G(®YA°, m) contains a unique element denoted by Q"¥a°.
Moreover, for any A C Z4,

lim sup sup sup sup [Q"V7A°(A)— QU (Alxare)|=0.  (49)
& L4 AeFa I yeRZ? xeRZ

Proof. Considering the form of the interaction potential ®YA° given
in (48), it is obvious, as in the proof of Lemma 9, that for 8 sufficiently
small, ®Ya¢ satisfies (SDC). Therefore the set G (®¥a¢, m) contains at most
one element. The strong convergence of the local specifications to the lim-
iting Gibbs measure is a classical result, which is proved for example in
ref. 13, Theorem 8.23. The uniformity in A and y in (49) comes from the
same uniformity obtained in the (SDC). |

Remark 2. Since Q"¢ is well defined for any y eRZd, QVone s
also defined by (47) not only for v'-a.a. y but for all y. This is a regu-
lar version of the conditional probabilities QV(dx dy|yac).

We now observe that, for a.a. yac € RA, v,(-|yac) is the marginal on R%’
of Q"2 This means that, for any regular bounded function g on R%,

f 2z (dzalync) = / §()Q" (dx. dzp).

From Lemma 10 and Lemma 11, we obtain the existence of a regular
density fa for the conditional probabilities v (-|yac):

Vi (dzalyac) = fa(zayae) m®2 (dza),
with

1 /3 _U,7 4
fA(y)Z/IRdeHPt(Xi7Yi)eXP - Z Dy (x, ) | QM4 (dx).

ieA Aczd
ANAAD

(50)

Let us remark that fA is well defined on the full space RZ,
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Step 3: Use of Kozlov representation theorem

To complete the proof of Theorem 2, it is enough to show that the
local densities fp—expressed in (50)—of the family of conditional proba-
bilities v’ (-|Fac) are built on an absolutely summable interaction potential.
Unfortunately, in this context, we cannot write explicitly the interaction as
we did in the Section 3. We will only prove its existence and regularity,
using the pioneering work of Kozlov. In ref. 17, Theorem 1, he proved the
existence of an absolutely summable interaction under the assumption that
for any A CZ?, f, satisfies the following properties:

(boundedness) 3C1, Co >0 such that C| < mf A< sup fa(y)<Cy,

VG]R }ERZd
(quasilocality) lim sup |fa(y)— fa(¥)|=0.
AJSZE . d
y,yeR
Ya=ya

The first condition is equivalent to the uniform boundedness of In(fy)
and the second one is the uniform quasilocality.

Proof of the boundedness of fx: Since, from Lemma 10, QVA¢ is a Gibbs
measure with associated interaction ®¥A°, one can desintegrate it on Fj
and obtains

fA()’)Z/fA(xA‘ay) 0V (dx) (51)
where
SA(xpe,y) = /]RA W sz(xu)’z
exp (—haw— Y @ﬁ(x,w)m@A(dxA),
Aczd
ANA£D
with
EaCrac) = / exp(—fin (1)) m®M (dxy),
and

Zan) = [ [Tptioew (= 3 @) m@ym) 0" @),

ieA Aczd
ANA#D
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By assumption, the initial Hamiltonian / is uniformly bounded; then there
exists ¢; >0 and ¢; >0 such that

Vax eRZd, 1 < exp(—ha(x)) <cs.

N ~
Za(xae)

On the other hand, from Lemma 8, it is clear that for 8 small enough,
there exists ¢3 >0 and ¢4 >0 such that

d
Vx,y eRZ , 3 gexp(—z (@ﬁ(x, y)) < 4.

Aczd
ANA£S

Then, for any yyec € RAY,

c3 [ ] peGei, yom®™ (@dya) 0¥ (dx) <Z(yae)
ieA
< [ TT ot som® idya) 0 )

ieA

Since, for any i € Z¢ and x; € R,fp,(xi,yi)m(dy,-) =1, we obtain c3 <
Z.(yae) <ca. .
This bound implies that, for all y eRZ,

cic3 CoC4
—— s/ <——.
C4 Cc3

Proof of the quasilocalityd of fa: Above, we have shown that the function
fa defined on RA” x RZ” is uniformly bounded. Furthermore, it satisfies

lirnd sup  sup |fa(xac,y)— fa(xac, 5)|=0.
A I y&d@zd reRZ4

YA=YA

Using the integral representation (51) and (49), one obtains that f, itself
is quasilocal. |

Remark 3. If we remove the ultracontractivity assumption on the
self potential U, the result of Theorem 2 remains valid, that is for any
fixed ¢, v' is strong Gibbsian for B < By, but now the critical value By
depends on ¢.
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5. COROLLARIES AND ADDITIONAL REMARKS

We proved in the previous sections results on propagation of Gibb-
sianness. In this last section, we are interested by the propagation of other
properties. Does the Strong Dobrushin condition, or the uniqueness of
Gibbs measures, or the phase transition property propagate between time
0 and time ¢?

We begin with a direct corollary of Theorem 1.

Corollary 3. Let us consider the system (4) under the assumptions
of Theorem 1. If the initial interaction ¢ satisfies (SDC), then for ¢ small
enough, the interaction ¢’ at time ¢ satisfies (SDC) too.

Proof. 'The representation (30) shows that ¢’ is a perturbation of ¢.
Similarly as in Lemma 8, we obtain that for ¢ small enough ¢’ satisfies
(SDC). 1

In the case of free systems, we can even say something for times ¢ not
necessarily small. Let us define the following decoupled dynamics:

{dX,-(z):dB,-(t)—%U’(Xi(t))dt, ieZd t>0 (52)

X(0)~v

where v is a Gibbs measure in G(¢,m); U is supposed to be CZ and the
measure e~Ud¢ can be normalised into m(d§) = Le V) de.

Proposition 4. If we consider the free system (52) where the initial
interaction ¢ satisfies (SDC), then for any time 7 >0, the set G(¢',m) is
reduced to the unique Gibbs measure equal to the law of X (¢).
Moreover, if the dynamical self interaction U is ultracontractive, then for
t large enough, the interaction at time ¢ ¢’ satisfies Dobrushin uniqueness
criterium.

Proof. Let u be a Gibbs measure in G(¢', m). Suppose that u is ex-
tremal; then, as recalled in Lemma 1, p is the weak limit of its local specifi-
cations, that is: there exists y in RZ’ such that p=limy za FACyaom® ®
8y,c» with fa defined in (50). But the expression (50) is now much simpler
than in Section 4 since the system is free (8 =0). In this special case, the
local specification fa of v* in A has the following simple expression:

fA(y)=/ [ pexi, ) @75 (@x). (53)

ieA
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So, for all AcZ¢ and all bounded regular F-measurable function g, we
have

/g(ZA)M(dZ) = lim /g(ZA)/]_[pz(x,-,z,-)Q”’“‘(dX)m®A(dZA)
ASTA

ieA

Jim, / / 8Ga) [] pe(xi. 20y m® (dza) 0" (dx),

ieA

since for every i € A\A, [ p/(x;,zi)m(dz)=1.

On the other hand, Lemma 11, which holds for A =7 too, shows
the weak convergence of QVa¢ against Q“?, which is equal to v when
B=0. Since the function x > [ g(za) [T;cp Pr(xi, z)m*(dya) is bounded
and local, we then get

/ g@a)u(dz) = [ / ) [ pe et zym®> (dza)v(dx).

ieA

The preceding equality shows that locally, i is nothing but the mea-
sure v transported by the free dynamics. Thus, u does not depend on the
boundary condition y. This proves the uniqueness of the extremal Gibbs
measures in G(¢’, m). Thus the set of Gibbs measures is reduced to one
element too. The first part of the proposition is proved.

We now prove the second assertion. For fixed 7 >0, one can define as
usually Dobrushin’s coefficients (Cl.(fj).) 74 associated to the interaction ¢
by:

i,je

~ ~ d ~
C = sup{I[v' (dyilyze\) — V' (@il 5z ) lvar -y, 5 €RE .y, ; =0, )

1 - - -
= 5 sup( [ 110) = @ m(@n):.5 €R g = o)

with, as in (53), fi(y) = fiy(») = [ pi(xi, yi) Q"% (dx). To simplify, the
Dobrushin’s coefficients of ¢ (time 0) are denoted by (Ci ;); jeza-
The potentiel ¢’ satisfies the Dobrushin Uniqueness Criterion if

(DUCQ) C:=sup Z C.(’; <.

L,
o4 .
ieZ jezd

Since ¢ satisfies (SDC), it’s well known (see for example Proposition 8.8 in
ref. 13) that ¢ satisfies (DUC) too, that is C:=sup; .z« Ziezd Cij<1. Let
us prove that ¢’ also satisfies (DUC) for ¢ large enough. From Lemma 10,
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0"z and QU’& z\i are Gibbs measures. Using the comparison Theorem
8.20 in ref. 13 which gives bounds for the integral of a function under
different Gibbs measures, one obtains

|fi) = fi(P)] < 2e(t) Dy, / 102 (dxjlxza ) — Q2 (dix |z ) lvar

pi(xj.yj)  pi(xj.y))
zj(x,yj)  zj(x,35)

- 1 -
Q"2 (dx) < 2¢(t)D; 5//(34‘-"(’6)
xm(dxj) Q"% (dx),

where €(t) is defined in (38), D; ; is the (i, j)-coefficient of the infinite-
dimensional matrix D=3, C" (C is the matrix (C; ;); jez¢) and

z,-(x,y,->=fe‘hf<x>p,(x,~,y,-)m(dx,-).

If we denote by z;(x)=[ e~ (dx ;) we then obtain following inequal-
ities:

(I—e@)zj(x)<zj(x,y) < +e@®)z;x), (54)
lzj(x, yj) —zj(x, ¥ <2e(t)z;(x). (55)
Thus,
lfi(y)— fi()I <e(®)D; j(A+ B),
with

1 -
A= e p(xi,yi) — p(xi, ¥) | mdx ;) Q2N (dx),
// Zj(x,yj)|pt JoYj) = DPe(Xj, Y | J

and

1 1 —
B://eihf(x) (xj,57) - — |m(dx;j) Q"2 (dx).
PR YD oy T 2 3)) /
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Using inequalities (54) and (55) we obtain

e i) _
zan// mide)) 0" ()
Zj

(x, )’j
2¢(t) —hj \ AT
1_e<n./:/ 0 M) @D
2e(t)
S l—e@)

(For ¢ large enough, 1—€(¢) is greater than 0.)
On the other hand,

e—hi@) . .
// - p,(x,,y,)‘zj(x Vi) — z](x,y])| m(d.Xj)QU’yZd\;(dx)
j

(x, YJ Zj(-x7 yj)
// B (x )~ 2¢0) m(dx;) Q"2 (dx)
LG I Ty M
2e(t)
l—e(t)

Finally, we obtain the uniform bound | f;(y) — f; ()| < fe(é’()[)D . Thus, for
all i eN,

2¢(1)? 2¢(1)? 1
(O . _
¢ l—e(t)Z ”gl—e(t)l—C

Since €(¢) vanishes when ¢ goes to infinity, C® is strictly lower than 1 for
t large enough. |

Let us go back to the general system (31), with a true interaction in
the dynamics. We know that for small times the set G(¢’, m) contains a
unique Gibbs measure. But it is not clear whether this property remains
true for any time. What we prove in the following proposition, is that it is
at least true for ¢ large enough. Unfortunately, unlike the preceding Prop-
osition, we do not know if the potential ¢’ satisfies the uniqueness criteria
(DUC) or (SDC).

Proposition 5. Under the assumptions of Theorem 2, for 8 small
enough and ¢ large enough, the set G(¢’, m) contains a unique Gibbs mea-
sure, the law at time ¢ of the solution of (31).
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Proof. For p small enough, the interaction potential on RS associ-
ated to the Hamiltonian function H defined in (46) is the sum of the initial
potential plus a two-body potential induced by p; and a dynamical potential
defined by the cluster expansion. By assumption, the first one satifies (SDC);
the second one vanishes when ¢ goes to infinity, since U is ultracontractive
and the third one is small in the sense of Lemma 8. So, for 8 small enough
and ¢ large enough, the potential associated to H satisfies (SDC) on the
bi-space S. Thus, the specifications of H are global in the sense defined in
ref. 11 (see also refs. 12 and 13). This means that (DLR)-equations hold also
true for unbounded subsets of S. Similarly to the beginning of the proof of
Proposition 4, we can show that each extremal measure in G(¢’, m) is the
limit of the projections on RZ*{1} of the global specifications associated to
H for a fixed boundary condition y. The uniqueness of such extremal Gibbs
measures is then a consequence of the globality property. We conclude that
G(¢', m) is reduced to the measure v'. |

Let us finish this section with a result about propagation of non-
uniqueness.

Proposition 6. Let us consider the system (4) under the assump-
tions of Theorem 1. If #G(¢,dx) > 1 (phase transition occurs at time 0)
then, for ¢ small enough #G(¢’,dx) > 1 too, that is the phase transition
propagates.

Proof. Suppose #G(@,dx) > 1; let v; and vy be two distinct mea-
sures in G(@, dx). Thanks to Theorem 1, for 7 small enough, v{ and v} are
in the same set of Gibbs measures G(¢',dx). It is clear that v{ (respec-
tively 1)) converges weakly to v (respectively to v;) when 7 goes to 0.
Thus, for ¢ small enough v{ and vé are different measures. ||
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